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The recent progress on 1 D interacting electrons systems
and their applications to study the transport properties of
quasi one dimensional wires is reviewed. We focus on strongly
correlated electrons coupled to low energy acoustic phonons in
one dimension. The exponents of various response functions
are calculated, and their striking sensitivity to the Wentzel–
Bardeen singularity is discussed. For the Hubbard model cou-
pled to phonons the equivalent of a phase diagram is estab-
lished. By increasing the filling factor towards half filling
the WB singularity is approached. This in turn suppresses
antiferromagnetic fluctuations and drives the system towards
the superconducting regime, via a new intermediate (metallic)
phase. The implications of this phenomenon on the transport
properties of an ideal wire as well as the properties of a wire
with weak or strong scattering are analyzed in a perturbative
renormalization group calculation. This allows to recover the
three regimes predicted from the divergence criteria of the
response functions.
PACS Numbers: 72.10.-d; 05.30.Fk;73.20.Dx
I. INTRODUCTION
The developments in the field of Mesoscopic physics
have generated a lot of excitement for more than a
decade. One of the reasons for this is connected to the
recent advances in fabrication techniques, which have al-
lowed: a) the discovery of new phenomenon associated
with quantum interference effects in small structures b)
the verification of a plethora of theoretical predictions on
the same systems. This relative balance between theory
and experiment is very desirable in any field of physics.
Apart from a few exceptions [1–3], it seems fair to say
that until recently, the theoretical effort in Mesoscopic
physics has dealt mostly with non interacting electrons:
phenomenon associated with sample to sample averaging,
interference effects in small disordered wires and rings,
transport properties from a scattering matrix approach,
chaotic phenomena in Mesoscopic conductors, to cite a
few. The Coulomb blockade certainly deals with elec-
tron interactions, however, for large quantum dots, it
can be argued in terms of classical capacitance effects
[4], as opposed to a first principles treatment of interac-
tions between electrons. There are several “kinds” of
quasi one dimensional (1 D) systems: a) systems ob-
tained by lateral confinement of a 2 D electron gas into
a narrow channel, b) micrometer metallic wires with a
small aspect ratio, c) systems which have an intrinsic 1
D character like edge states in the integer (IQHE) and
fractional (FQHE) quantum Hall effect, and of course, d)
molecular chains and bundles of all sorts which have been
studied for a long time. In the latter, rigorous methods
from the 1970’s [5,6] have long been applied to predict
“phase” transitions from charge/spin density waves to
singlet and triplet superconducting ground states as var-
ious coupling parameters are varied. By “phase”, it is
implied which type of fluctuations dominate, as we know
that long range order is strictly not possible in 1 D. For
“artificially tailored” systems in categories a) and b), dis-
order remains a technological challenge to this day. On
the contrary, edge states in the quantum Hall regimes (
c) ) have the advantage that the effect of impurities can
be minimized because of the absence of backscattering.
Here we study a 1 D interacting electron system cou-
pled to a low energy bosonic field. This system exhibits
the interplay beween the Coulomb repulsion and the at-
tractive, retarded interaction mediated by the phonons.
By varying the electron density alone, it is possible to
reach a strong electron–phonon regime with dramatic
consequences on the thermodynamic properties. Phase
transitions in this system will be considered, and some
emphasis will be put on the transport properties of ideal
and disordered wires in the presence of coupling to a
bosonic field. In practice, this boson field will be chosen
to represent the phonons of the underlying lattice, but
this is by no means a serious constraint. The bosonic
field can just as well represent the charge field of another
1 D electron branch.
In 1D, the Fermi liquid ground state becomes unstable,
as the interactions drive the systems into a new phase
called the Luttinger liquid phase [7–9]. The jump of
the momentum distribution function at the Fermi surface
which is characteristic of Fermi liquids vanishes, leaving
only a branch cut singularity at this point. The col-
lective excitations of the electron near the Fermi level
can adequately be described by a set of harmonic oscilla-
tors. At low temperatures, the single electron spectrum
can be approximated by a linear spectrum, and consider-
able simplifications follow. The Fermion field operators
are decomposed into right and left moving components,
which in turn can be expressed as exponentials of bosonic
fields chosen to reproduce the anti–commutation rela-
tions. One is then left with scalar, bosonic fields, which
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are particularly suited for a functional integral represen-
tation of the partition function. Moreover, a renormal-
ization group analysis can be coupled to this approach in
order to determine which (and when) non linear opera-
tors are relevant. In the end (for specific range of electron
density, coupling parameters) one has to deal essentially
with an action which is quadratic in the bosonic fields,
with parameters which are renormalized by the (irrele-
vant) operators.
The transport properties for a wire with ideal transmis-
sion yield a conductance which is no longer quantized in
units of e2/h, the non interacting result. Rather, the Lut-
tinger liquid model predicts [10,11] G = 2e2Kρ/h below
the free electron value, asKρ < 1 for electrons with repul-
sive interactions. In the presence of a single barrier the
conductance vanishes as T 2/Kρ−2. This applies for tem-
peratures above the cutoff Tc ≡ h¯vF /LkB, where L is the
length of the 1 D region. Below this cutoff, effects associ-
ated with the massive leads connected to the wire provoke
a saturation of the conductance to a finite value. Despite
this dramatic vanishing of the temperature, perfect trans-
mission in two–barrier resonant tunneling structures can
be achieved for a wide range of electrons couplings by
tuning the gate voltage on the central region, because
of constructive interference effects associated with the
two barriers [10,11]. For resonant tunelling in the FQHE
regime [12] the resonance line shape is universal and de-
viates strongly from the Fermi liquid behavior. For free
electrons, the line shape is supposedly Lorentzian and
does not depend on the temperature. On the contrary,
for a Luttinger liquid the peaks in conductance are delta
functions at T = 0 and widen at finite temperature like
T 1−ν, with ν = 1/m (m integer) the filling factor. This
remarkable result was recently tested experimentally [13]
in a FQHE experiment with lateral confinement. Non–
equilibrium current or voltage noise across a weak point
contact in the FQHE has been shown (theoretically) to
provide a direct measurement of the fractional charge:
for a constriction with good transmission properties, the
noise originates from the infrequent tunneling of Laugh-
lin quasiparticles [14]. The Kondo effect in 1 D interact-
ing electron systems has been studied by several authors
[15]. Persistent currents for interacting electrons in the
ballistic regime have been predicted [16,17].
1 D electron systems coupled to small-momentum
phonons have been considered on several occasions. 40
years ago, Wentzel [18] and Bardeen [19] used a similar
model as a tentative candidate to explain the theory of
conventional superconductivity. For a critical electron–
phonon coupling constant, the system becomes unstable,
and the specific heat diverges as one approaches this crit-
ical point [20]: the retarded interaction mediated by the
phonons induces a collapse of the system. Below, we re-
fer to this singular point as the Wentzel–Bardeen (WB)
singularity. Nevertheless, this mechanism was not consid-
ered too seriously, perhaps because of the relatively large
values of the electron–phonon coupling constant needed
to reach the singularity? Also, it is rather difficult in an
experiment to tune this coupling constant to a desired
value. An exactly solvable model similar to that of Ref.
[20] was studied recently [21], with the conclusion that
these small-momentum phonons can be ignored in typical
metals since their effect is of the order c2/v2F ≪ 1 (vF is
the Fermi velocity and c the sound velocity). Tradition-
ally [22], thermodynamic quantities have been expanded
in terms of this ratio. Consequently, the interest [23–25]
shifted towards larger-momentum (2kF ) processes, where
an electron is scattered by a phonon across the Fermi sur-
face.
The point we wish to make is that when the electron
system includes Umklapp and backscattering processes,
the small-momentum phonons do play an important role
nevertheless. It is no longer the ratio c/vF which char-
acterizes the corrections associated with the phonons.
Rather, the velocity uρ associated with particle–hole ex-
citations close to the Fermi level replaces the Fermi ve-
locity vF . The Fermi velocity still determines the energy
scales of the electron Hamiltonian. It is only the fluctu-
ations near the Fermi level which are described by uρ.
For the Hubbard model in particular, uρ vanishes at half
filling due to the presence of the insulating phase. Conse-
quently, the coupling to small-momentum transfer modes
(such as acoustic phonons) is a non-perturbative effect in
the ratio c/uρ as one reaches the WB singularity. For
the Hubbard model, the WB singularity is accessed for
arbitrary electron–phonon coupling constant by mearly
increasing the filling factor towards half filling. Near this
singularity, CDW and SDW fluctuations are suppressed
totally, and the system is pushed into a metallic and fi-
nally superconducting phase by slightly increasing the
filling factor. The presence of an intermediate phase be-
tween the SDW/CDW and superconducting regimes con-
stitutes a novelty.
II. MODEL
Our starting point is the Hamiltonian H = He+Hph+
He−ph, where
Hph =
1
2
∫
dx [ζ−1Π2d + ζc
2(∂xd)
2] (1)
describes the free phonons, with d the displacement field,
Πd its canonical conjugate and ζ the mass density. The
electron–phonon coupling is [26]:
Hel−ph = g
√
π
2
∑
s
∫
dx ψ†sψs∂xd , (2)
where g is the coupling constant, and ψs =
eikF xψs+ + e
−ikF xψs− is the electron field operator. In
terms of boson fields, ψs±(x) ∝ exp
[
i
√
π
(±ϕs(x) −
2
∫ x
Πs(x
′, τ)dx′)
)]
(here x = (x, τ)) representing right
and left moving electrons. The slow spatial variation of
the electron density in Eq. (2) reduces to
∑
s ψ
†
sψs =√
2/π∂xϕρ, with ϕρ,σ = (ϕ↑ ± ϕ↓)/
√
2 the charge and
spin fields (similarly for the canonical conjugate fields
Πρ,σ). We neglect the fast oscillating terms in the density
which can be compensated by the 2kF phonons. There-
fore, phonon mediated backscattering which transfers an
electron from one side of the Fermi “surface” to the other
is not included here, but (non retarded) backscattering
from electron electron collisions is otherwise included.
Later on in this paper, we will show that the present
model can also be applied to electron wave guides, where
different modes associated with lateral confinement inter-
act with each other. The problems associated with the
2kF phonons are not present there. Following Ref. [27],
the electronic Hamiltonian is Hel = Hρ +Hσ, with
Hν =
1
2
∫
dx
[
uνKνΠ
2
ν +
uν
Kν
(∂xϕν)
2
]
, (3)
with ν = ρ, σ. In principle, non–linear terms should be
added toHel. However, below half filling, these terms are
irrelevant and can be accounted for by renormalizing the
parameters Kρ, Kσ, and the charge (spin) velocities uρ
(uσ). The phonons couple only to the charge degrees of
freedom, and this property is preserved in the propaga-
tors calculated below. For free electrons, uρ = uσ = vF
and Kρ = Kσ = 1.
III. CORRELATION FUNCTIONS
To calculate thermodynamic quantities, we use a func-
tional integral representation of the partition function.
As we will be calculating Green functions which involve
fermion operators only, the phonon degrees of freedom
can be integrated out right away. The resulting effec-
tive action for the charge degrees of freedom, reads in
Fourier representation: Sρ = (2βL)
−1
∑
k
Dρ(k)|ϕρ(k)|2
(k = (k, ω)), with the inverse propagator:
Dρ(k) =
1
Kρuρ
(
ω2 + u2ρk
2 − b
2k4
ω2 + c2k2
)
, (4)
where b = g
√
Kρuρ/ζ. The first two terms of Eq. (4)
represent the contribution of the free charge field, and the
retarded, attractive coupling associated with the phonons
appears in the third term. At the WB point the charge
density propagator, k2/Dρ(k), becomes proportional to
ω−2 and signals an instability towards long wave–length
density fluctuations.
A. Green function
We first consider the single–particle Green function:
Gs(x, τ) = − < Tτψs(x, τ)ψ†s(0, 0) > , (5)
where Tτ is the imaginary time ordering operator. Us-
ing the decomposition of the Fermi operators into right
and left moving components, and after normal ordering,
the calculation of the Green function is reduced to an
evaluation of Gaussian integrals. Analytic expressions
for the Greens function can be obtained for this particu-
lar model, and are found in Refs. [28,29]. The coupling
between the charge degrees of freedom and the phonons
induces an hybridization of the two excitations with char-
acteristic velocities: v2± = [u
2
ρ+c
2∓
√
(u2ρ − c2)2 + 4b2]/2
At large distances, the Green function decays as a power
law,
Gs(x, 0) ∝ |x|−1−δ , (6)
with δ = Kσ/4 + 1/(4Kσ) − 1 + B/(4Kρ) + AKρ/4.
The electron–phonon parameters are defined by A =
uρ(1 + c
2/v+v−)/(v+ + v−) ≥ 1, and B = uρ(1 +
v+v−/u
2
ρ)/(v+ + v−) ≤ 1. These parameters play a cru-
cial role in the discussion of the ordering fluctuations
below. In the limit g → 0, A = B = 1. Let us now
consider the case g 6= 0, where A > 1 and B < 1 [29]: As
uρ/Kρ approaches the critical value u
∗
ρ/K
∗
ρ = g
2/(ζc2)
from above, v2+ tends to zero, and v
2
− to u
∗
ρ
2 + c2. As a
result, the exponent A diverges and B decreases to the fi-
nite value B∗ = u∗ρ/
√
u∗ρ
2 + c2 < 1. For uρ/Kρ < u
∗
ρ/K
∗
ρ
the velocity v+ becomes complex and the model becomes
unphysical. Thus we must require that uρ/Kρ ≥ u∗ρ/K∗ρ ,
or equivalently that b/(cuρ) ≤ 1, the equality sign defines
the WB singularity [30]. Because δ > 0, if g 6= 0 [29],
the Green function decays faster than 1/x, the free elec-
tron result. From the large distance behavior, we find
the momentum distribution function near kF , N(k) ≃
N(kF )− κsgn(k− kF )|k− kF |δ, with κ some constant of
order one, and N(kF ) = Γ(1/2 + δ/2)/[2
√
πΓ(1 + δ/2)].
The jump at the Fermi surface disappears. The presence
of phonons induces this Luttinger liquid behavior even
without electron-electron interaction (Kρ = Kσ = 1).
We plot the quantity δ for the Hubbard model (see Sec.
III C) coupled to phonons in Fig. 1a and 1b. We first plot
δ for a quarter filled band as a function of the on site re-
pulsion U in Fig. 1a, for several values of the phonon cou-
pling parameter. For small phonon coupling, δ increases
monotonically with increasing U . As the phonon cou-
pling is further increased, δ acquires a minimum. This is
an early signature of the competition between these two
couplings, and will be more apparent in the discussion of
the phase diagram.
Next, we choose U = 2 and vary the filling factor from
zero to half filling in Fig. 1b. δ increases dramatically
when these two extremes are reached, as the correlation
effects between electrons dominate the physics in both
cases. In particular, δ →∞ at the WB singularity.
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B. Ordering fluctuations
The definitions for the ordering correlation func-
tions N(x), χ(x), ∆s(x) and ∆t(x) which describe
CDW, SDW, singlet (SS) and triplet (TS) superconduct-
ing fluctuations are given in Refs. [5,6,29]. At large
times/distances, these response functions behave like
power laws. The signature for a particular ordering fluc-
tuation to be present is given by the divergence of the
Fourier transform of the corresponding response func-
tion at low frequency and small momentum relative to
q = 2kF (q = 0) for N and χ (∆s,t). We thus obtain the
following criteria [28,29]:
KρA+Kσ ≤ 2 (CDW) (7a)
KρA+ 1/Kσ ≤ 2 (SDW) (7b)
B/Kρ +Kσ ≤ 2 (SS) (7c)
B/Kρ + 1/Kσ ≤ 2 . (TS) (7d)
Since A > 1 and B < 1 for g 6= 0, we see that the Cooper
instability is always present for non–interacting electrons
coupled to phonons.
C. Hubbard model
We specialize to a Hubbard model for the correlated
electrons with on site repulsion U and hopping term t. In
this caseKσ = 1 because of SU(2) symmetry, and as a re-
sult the CDW and the SDW (the SS and the TS) response
functions have apparently the same exponents (except at
half filling). However, logarithmic corrections originating
from marginally irrelevant operators in the spin channel
favor SDW (TS) over (CDW) SS fluctuations [31]. The
remaining parameters uρ and Kρ of the Luttinger liquid
Hamiltonian are obtained for arbitrary on–site repulsion
U and filling factor n by solving two integral equations
[27,29] describing the ground state properties [32] and
the spectrum of charge excitations [33].
Our results are plotted in Fig. 2 a) and b) where we
have chosen c = a0t/h¯ (a0 is the lattice constant): for
fixed U/t (Fig. 2 a), we determine which fluctuations
dominate as a function of n and an effective electron–
phonon parameter b/(uρc): for convenience we consider
in these plots n (U) and b/(uρc) as independent param-
eters. For small b/(uρc), SDW (i.e. antiferromagnetic)
ordering fluctuations dominate for arbitrary filling factor.
As this parameter is increased, we reach (away from half
filling) a region for which no response function diverges:
we refer to this “phase” as the metallic region. At low U
and b/(uρc)≪ 1 analytical results confirm the existence
of this intermediate phase [29]. By further increasing
b/(uρc), the region where superconducting fluctuations
dominate is reached. On the other hand, near half fill-
ing, the correlation effects suppress the superconducting
phase. For larger values of U , the superconducting region
shrinks towards the region where b/(uρc) = 1, and the
SDW region grows as expected [29].
Next, we choose quarter filling (n = 1/2), and plot
in Fig. 2 b) the phase diagram as a function of U and
the phonon coupling. At low U , Kρ ≈ 1, and the sys-
tem is superconducting because of the Cooper instability.
As U is further increased, one crosses the metallic and
the SDW (CDW) phase, because the phonon–mediated
attractive interaction is overcome by the instantaneous
repulsion between electrons.
D. WB singularity
In both Figs. 2 a) and b), the upper line b/(uρc) = 1
corresponds to the WB singularity. We now discuss the
relevance of this singularity for the Hubbard model. Plot-
ting uρ/Kρ for several values of U as a function of the
filling factor (Fig. 3), we notice that uρ/Kρ vanishes as
one approaches half filling. (for small U , the curve devel-
ops a peak located close to n = 1, and the fall to zero is
all the more drastic). Thus, the WB singularity at u∗ρ/K
∗
ρ
can be reached for arbitrary values of the coupling con-
stant g (6= 0). Near half filling, as one approaches u∗ρ/K∗ρ
from lower filling factors, the divergence in A triggers a
dramatic suppression of the SDW (CDW) fluctuations,
and the system is driven into the metallic phase [34].
Moreover, since B → B∗ as uρ → u∗ρ, and B∗ ∝ g2, the
SS/TS condition B ≤ Kρ can be met near half filling for
sufficiently small g 6= 0 (since 1/2 ≤ Kρ ≤ 1). Hence,
the system can finally be driven into the superconduct-
ing phase by approaching half filling. In summary, the
conjunction of the coupling to small momentum acous-
tic modes with the reduction of the charge velocity near
half filling provides a very efficient mechanism to sup-
press SDW (CDW) order, and to drive the system into a
metallic and finally superconducting phase. This mecha-
nism need not be limited to the 1D Hubbard model, but
could occur in other situations where strong correlations
play an important role.
We note that this change of phases as a function of
filling factor is reminiscent of the behavior of high Tc
materials under doping. Since it is the low–momentum
and not the 2kF phonons which are important here and
since strong correlations are also present in 2D, it might
not be unreasonable to hypothesize that the mechanism
discussed here is also realized in higher dimensions.
IV. APPLICATION TO ELECTRON WAVE
GUIDES
We now illustrate our results with an application to
Mesoscopic quasi–1D wires. It is well known that the
transverse states of the electron wave function in a 2 D
4
electron gas with a point contact are at the origin of the
conductance quantization in point contact experiments
[35]. In a 1 D wire, one can also adjust how many of these
transverse states are populated by tuning the voltage on
an electrostatic gate.
A. Interaction between modes
Consider the Coulomb interaction between two differ-
ent branches: if d is the distance from the 2D electron
gas to the metallic gate, this interaction is screened for
distances x > d. The interaction potential between mode
“i” and mode “j” has the form:
Vij =
∑
s,s′
∫
dx
∫
dx′ρis(x)V (x − x′)ρjs′ (x′) , (8)
with ρis the density operator for electrons of mode i and
spin s, and V (x − x′) the screened Coulomb potential.
As we are concerned with low temperature, long wave
length properties, we can replace this interaction by a
delta function potential V0δ(x− x′) with [36].
V0 ≃ 2e
2
ǫ
ln(kF d) , (9)
where ǫ is the dielectric constant of the medium between
the 2D gas and the gate. The global Hamiltonian de-
scribing the set of coupled Luttinger liquids is therefore:
H =
∑
i
(Hiρ +Hiσ) + g
∑
ij
∫
dx(∂xϕiρ)(∂xϕjρ) . (10)
The first term corresponds to the set of uncoupled charge
and spin fields associated with each modes, and the cou-
pling term has striking similarities with the electron–
phonon case. The phonon field we had previously is
simply replaced by the charge field associated with an-
other mode, but the spin degrees of freedom are uncou-
pled (as long as there are no magnetic impurities). A
similar model was used in Ref. [36] in the discussion of
the transport properties of a multimode wire through a
point contact, and is equivalent to the multicomponent
Tomonaga Luttinger model [37]. Also, the present inter-
action does not allow a transfer from one mode to the
other, but rather the direct interaction as well as the ex-
change interaction between these modes. We come back
to this point below.
Note that the fast spatial variation (2kF ) of the elec-
tron density can be safely neglected here. There is no
compensation between two rapid density oscillations in
analogy with 2kF phonons, because each mode has a
fixed Fermi velocity specified by the lateral confinement
and the electron density.
Next, we choose the simplest situation: an electron
density such that only two modes, the transverse ground
state and the first excited state, are present. This sys-
tem is now an exact analog of the electron–phonon situ-
ation, because the spin degrees of freedom of each modes
are uncoupled. Consequently, by increasing the coupling
between the two modes, we can expect to induce super-
conducting fluctuations in one or both branches. The
coupling can be varied in several ways: by considering
several samples with different separation between the 2D
gas and the metallic gates, by increasing the electron den-
sity in the fundamental mode to the analog of half filling,
or by lowering the density such that the Fermi velocity
of the first excited state is adequately close to zero. The
latter two methods exploit the WB singularity.
The Green function exponent associated with electrons
from chain i in then given by 1+ δi = Kσi/4+ 1/4Kσi+
Bi/4Kρi +KρiAij/4. In analogy with the phonon case,
we have defined Aij = uρi
(
1 + u2ρj/(v+v−)
)
/(v+ + v−),
Bi = uρi
(
1 + v+v−/u
2
ρi
)
/(v+ + v−), and v± = (u
2
ρ1 +
u2ρ2)/2±
√
(u2ρ1 − u2ρ2)2 + 4b2/2.
The criterion indicating strong superconducting fluc-
tuations in a given chain i is then translated from Eqs.
(7c) and (7d) using the definitions for Aij and Bi. The
strong superconducting fluctuations induced by the inter-
chain coupling could be observed in wires where only two
channels propagate, or alternatively in one–dimensional
coupled electron–hole systems. There are two additional
correlation functions describing superconducting fluctu-
ations for this particular system. These occur when a
singlet or triplet Cooper pair is formed with one electron
from chain 1 and one electron from chain 2. They are
ignored here because the criteria for Cooper pairs forma-
tion within one branch are in general satisfied for a lower
threshold phonon coupling.
The possibility of superconducting transitions in two
channel systems could in principle be probed e.g. by
studying the persistent current of a two channel Meso-
scopic ring. Rings with few channels built from
GaAs/AlGaAs heterostructures have been recently fab-
ricated to study the persistent current in the quasi ballis-
tic regime [38]. In the normal metal regime, the Fourier
transform of the power spectrum [39] yields in general
two peaks: one associated with the flux quantum, signal-
ing the twist in the boundary condition of the electron
wave function due to the flux which threads the ring,
and another, smaller peak at half the flux quantum as-
sociated with weak localization effects. The flux causes
a twist in the boundary conditions, but the bulk prop-
erties (such as the correlation function exponents) are
unaffected. It is plausible that by varying the electron
density with an overall electrostatic gate, one could in-
duce strong superconducting fluctuations using the WB
mechanism. In this regime, the peak associated with the
single flux quantum will decrease while the φ0/2 com-
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ponent will be enhanced due to the presence of Cooper
pairs. Whether or not a strictly two channel ring can
be achieved is still a technological challenge. If disorder
associated with impurities and irregularities in the elec-
trostatic confinement can be minimized, a two channel
ring is effectively achieved just by “pinching” the ring
with a point contact positioned along the ring. More-
over, self inductance effects between the two modes can
be safely neglected as these effects have been shown to
be proportional to the fine structure constant multiplied
by the ratio of the Fermi velocity divided by the velocity
of light [17].
B. Relevance of hopping between modes
The relevance of hopping between two chains (as op-
posed to modes) has been discussed on several occa-
sions [27,40] and there is some controversy regarding
this. While Ref. [40] states that a critical coupling be-
tween chains must be overcome before the Luttinger liq-
uid phase becomes unstable, Ref. [27] uses a renormal-
ization group argument to show that transverse hopping
is always relevant.
In the situation we are concerned with, however, the
hopping bewteen chains is already included: the ground
state is a symmetric combination of the two chain states,
and the first excited state is an antisymmetric combi-
nation of these states. As a result, transitions between
modes will only occur as a result of local imperfections
in the confinement potential, and scattering with impuri-
ties. These processes are thus described by the potential:
Vh =
∑
i,j,s
∑
k
tk(ψ
†
is(xk)ψjs(xk) + H.c.) , (11)
with xk (k = 1, 2, ...) indicating the position of the im-
perfection/ impurity along the wire. The relevance of
hopping between these two modes does not seem to cause
a problem. However, a rigorous treatment should be pro-
vided, and is presently under way.
V. TRANSPORT PROPERTIES
We discuss the transport properties of a 1 D interacting
electron system coupled to phonons, first for an ideal
wire, and then in the limit of a weak scatterer and a
weak link. Our analysis follows the work of Ref. [10].
A. Conductivity of an ideal wire
The conductivity is given by the Kubo formula:
σ(q, ω) =
1
iω
[
i
∫
dx
∫
dt eiωt−iqx < jD(x, t)jD(0, 0) >
− 2
π
uρKρ
]
, (12)
With the second term representing the contribution of
the diamagnetic part of the current operator, and jD ≡√
2/πuρKρΠρ the paramagnetic current. To calculate
this quantity, it is useful to perform a Wick rotation to
imaginary times. The calculation follows that of Ref. [41]
for spinless Fermions. The diamagnetic part is cancelled
by contributions coming from the second term in Eq.
(12), and the only remaining contribution is proportional
to < ∂τϕρ(x, τ)∂τϕρ(0, 0) >. At zero temperature, the
conductivity becomes:
σ(q, ω) =
2iuρKρ
ω¯
(
ω¯2(ω¯2 + c2q2)
(ω¯2 + v2+q
2)(ω¯2 + v2−q
2)
)
ω¯=iω
(13)
which can be compared to the uncoupled case (no
phonons):
σ0(q, ω) =
2iuρKρ
ω¯
(
ω¯2
ω¯2 + u2ρq
2
)
ω¯=iω
(14)
Note that for large momentum, the conductivity does not
depend on the phonon parameters:
lim
q→0
σ(q, ω) =
2uρKρ
π
[
iP(ω) + πδ(ω)
]
. (15)
In the DC case, a finite quantity can therefore be ob-
tained by considering the quantity limω→0 ωσ(ω).
The result for the zero temperature DC conductivity
are rather dull: at finite temperatures, however, effects
associated with the phonons should survive, even in the
limit q → 0. The finite temperature dependence can be
obtained from conformal invariance arguments [42], but
will not be considered here.
B. Conductance of an ideal wire
We now consider a quantity which can be obtained
directly from an I − V measurement on a small wire:
the conductance. The Landauer formula [43] provides
a simple way to relate the conductance of a Mesoscopic
sample to the quantum mechanical transmission proper-
ties of this sample. While some generalizations of this
formula to specific systems of interacting electrons have
been proposed [44], its main application is for non in-
teracting electrons. Fisher and Lee [45] have introduced
a general expression relating the transmission properties
of the sample to the Greens function: this approach as-
sumes that a constant electric field is applied to a portion
of wire with a finite length L, and calculates in the linear
response regime the resulting current in the DC limit.
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This approach has drawn some criticism [46] because it
does not describe an open system (the leads to which the
sample is connected are not taken into account). Nev-
ertheless, the Fisher Lee formula will be used here, as it
provides a systematic way to generalize single electron re-
sults to arbitrary many body systems. The end product
can be compared to the free electron case at any stage of
the calculation. The Fisher–Lee formula reads:
G = lim
ω→0
1
h¯ωL
∫
dτ
∫ L
0
dx < Tτ∂τϕρ(x, τ)∂τϕρ(0, 0) >
× eiωτ . (16)
The thermodynamic limit, if necessary, is taken only once
the DC limit ω → 0 has been specified.
For a Luttinger liquid coupled to phonons, the result
is:
G =
2e2
h
KρA . (17)
Note that since A > 1, the conductance of this system is
always enhanced by the phonon coupling. In particular,
for free electrons with Kρ = 1, the conductance associ-
ated with an electron channel is larger than that associ-
ated with the conductance quantum. Using once again
the analogy with coupled electron systems of Sec. IV, we
could envision an experiment performed in the integer
quantum Hall regime, where the number of edge states
propagating on the boundaries of the sample correspond
to the number of filled bulk Landau levels. Edge states
can be described by chiral Luttinger liquids [47], as for
a given edge the direction of propagation is fixed by the
E∧B drift (E is the electric field associated with the con-
fining potential). In the IQHE, each (isolated) edge state
has a Fermi liquid behavior because the Luttinger liquid
parameter Kρ takes the marginal value K
∗
ρ = 1. In a sit-
uation with only two Landau level filled, and assuming
that the separation between edge states 1 and 2 is com-
parable to the magnetic length (so that the interaction
between edge states is noticeable), Eq. (17) predicts a
conductance which is larger than the free electron value!
C. Weak Barriers
The effects of impurity scattering for a weak barrier
can be analyzed following the perturbative renormaliza-
tion group treatment of Kane and Fisher [10]. Weak scat-
tering is described by an additional term in the Hamil-
tonian:
δH =
∑
s
∫
dx v(x)ψ†s(x)ψs(x) (18)
For simplicity, we assume that v(x) is short ranged and
centered at x = 0, so that the fields away from the im-
purity can be integrated out. Moreover, it was argued
in Ref. [10] that the renormalization group will generate
higher order terms in the perturbation series so that the
most general effective action associated with the pertur-
bation becomes:
δS =
∫
dτ
∑
nρ+nσeven
v(nρ, nσ) (19)
× exp(√π(nρϕρ(0) + nσϕσ(0))
where v(nρ, nσ) is the coupling strength associated with
the transfer of nρ electron charges and nσ electron spins
accross the weak barrier. A perturbative renormalization
group analysis of the partition function then leads to the
flow equations:
∂v
∂l
(nρ, nσ) =
(
1− n
2
ρ
2
AKρ − n
2
σ
2
)
v(nρ, nσ) . (20)
In particular, in the case where on electron is transfered,
we see that v11 is relevant when AKρ < 1, and the system
flows towards the strong coupling (large barrier) behav-
ior. As was seen in Sec. III B, AKρ < 1 corresponds to
the criterion for SDW (CDW). The temperature depen-
dence of the conductivity can be obtained perturbatively:
G(T ) =
2e2
h
(
AKρ −
∑
nρ,nσ
c(nρ, nσ)T
n2σ+n
2
ρAKρ−2 + ...
)
(21)
This expression seems to imply that the conductivity di-
verges at low temperature in the SDW (CDW) regime.
However, this is the regime where the perturbation ex-
pansion breaks down, and we have to use a strong barrier
theory to analyse this case.
D. Strong Barriers
The strong barrier situation can also be addressed be-
cause of the duality properties of the action. The action
can be written in terms of the field ϕν , or alternatively
in terms of the fields θν(x, τ) =
∫ x
dx′Πν(x
′, τ). A large
barrier is described by the hopping term:
δh =
∑
s
t(ψ†+s(x = 0)ψ−s +H.c.) . (22)
Including the multiple hopping processes, the additional
term in the action becomes [10]:
δS =
∑
nρ+nσeven
t(nρ, nσ)
∫
dτ cos(nρ
√
πΠρ)
× cos(nσ
√
πΠσ) , (23)
with the fields evaluated at x = 0. The perturbative
renormalization group analysis then generates the flow
equations:
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∂t
∂l
(nρ, nσ) =
(
1− n
2
ρ
2
B
Kρ
− n
2
σ
2
)
t(nρ, nσ) (24)
Again for the case of single electron hopping, t11 becomes
relevant when B/Kρ < 1, which corresponds to the su-
perconducting regime of Sec. III B. The temperature
dependence of the conductance is given by:
G(T ) =
2e2
h
∑
nρ,nσ
c′(nρ, nσ)T
(B/Kρ)n
2
ρ+n
2
σ−2 + ... (25)
E. Phase diagram
It is tempting to unify the weak and strong barrier
regimes in the phase diagram of Fig. 4 a). In this figure,
the dashed line at Kρ = 1 represents the marginal line
which separates the strong and and weak relevant regime
for electrons with no phonons in Ref. [10]. The dashed–
dotted lines give the direction of the flow. The introduc-
tion of phonon coupling modifies the phase diagram sig-
nificantly. First of all, the region where strong coupling is
relevant shifts towards lower values ofKρ, as the coupling
to phonons compensates partly the repulsive interaction
between electrons. Because AB > 1, the regions where
v and t are irrelevant overlap, in sharp contrast with the
case where no phonons are present. This is the man-
ifestation of the intermediate (M) phase, where it was
shown for the Hubbard model that no response function
diverges. We therefore expect three different regimes: a)
the SDW (CDW) regime, where weak scattering is rele-
vant and strong barriers are irrelevant. The system is an
insulator, as the conductance G(T ) ∼ TB/Kρ−1 vanishes
at low temperature. The I-V characteristic is then non
linear, I(V ) ∼ V B/Kρ . b) the superconducting regime,
where weak scattering is irrelevant, and strong barriers
are relevant perturbations: at low temperatures, the con-
ductance is essentially that of an ideal wire, and the I-V
characteristic is linear. c) the intermediate (M) regime,
where it is unfortunately not possible to get an analytic
expression for the temperature dependence of the con-
ductance. The conductance will behave either as in case
a) or as in case b), depending on the value of Kρ and
the coupling constants v and t. For 1/A < Kρ < B, it
is at present not possible to obtain the exact location of
the marginal line, because no rigorous treatment seems
possible in this region.
As one tunes the parameters of the system close to the
WB singularity, some spectacular effects are expected.
This case is illustrated in Fig. 4 b): at low v, the marginal
line moves all the way to Kρ = 0, while at low t it stops
moving at Kρ = B
∗, with B∗ defined in Sec. III A. Weak
coupling becomes irrelevant regardless of the strength of
the electron electron interaction, and the conductance
diverges.
Note that by considering the transport properties of
the coupled electron-phonon system, we have in fact re-
covered all the physics derived with the help of the cor-
relation functions of Sec. III B. The transport proper-
ties thus provide us with a diagnostic tool to analyse the
“phase” specified by the parameters of the model, as the
perturbative renormalization group yields exact results
in this particular case.
VI. CONCLUSION
We have analyzed the role of the WB singularity in
a system of interacting electrons coupled to phonons in
1D. The Luttinger liquid description allowed us to get
exact results for the correlation functions which in turn
determine the dominant type of fluctuations. For the
Hubbard model, the competition between the repulsive
interaction and the attractive retarded interaction me-
diated by the phonons has been clearly displayed. An
intermediate phase separates the SDW (CDW) from the
superconducting regimes. By increasing the electron den-
sity towards half filling, the presence of the WB singu-
larity suppresses SDW (CDW) order and pushes the sys-
tem towards the superconducting phase. This could be
checked in systems where two electron branches are cou-
pled to each other, where complications associated with
2kF retarded phonon processes are absent. The coupling
to phonons affects the transport properties, enhancing
the conductivity, and suggesting that it is possible to
achieve in certain cases a conductance per channel larger
than the conductance quantum. The analysis of the effect
of disorder allows to recover the three regimes predicted
by the correlation functions: an insulating regime and a
superconducting regime (with finite conductance) sepa-
rated by an intermediate phase. The insulating regime
disappears totally at the WB point, and the conductance
becomes infinite.
There are still many standing issues. First of all, is
it conceivable that the WB singularity survives an addi-
tional 2kF phonon interaction? For electron bandwidths
which are sufficiently small that the retardation effects of
2kF phonons can be neglected, the answer is yes, because
then the on site repulsion parameter U is simply shifted
towards lower values. Nevertheless, in the general case,
no answer is available at the moment. Second, it seems
quite plausible that the WB singularity could exist also
in higher dimensional systems. However, in general 2 and
3 D systems do not possess the luxury of an exact solu-
tion, which renders the analysis more difficult. Finally,
the analogy with electron wave guides suggests that it
would also be interesting to study the WB singularity
for a wire with an arbitrary number of coupled modes.
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FIG. 1. Green function exponent for the Hubbard model:
a) at fixed filling factor, as a function of u = U/t for b/cuρ = 0
(solid line), b/cuρ = 0.2 (dotted line), b/cuρ = 0.4 (dashed
line) and b/cuρ = 0.6 (dashed–dotted line). b) for fixed u, as
a function of filling factor and for the same values of b/cuρ as
in a).
FIG. 2. a) Phase diagram of the Hubbard model coupled
to phonons, as a function of filling factor and phonon coupling
constant b/cuρ, for U/t = 0.3. b) Phase diagram of the Hub-
bard model coupled to phonons at quarter filling (n = 1/2),
as a function of U/t and b/cuρ.
FIG. 3. Plot of uρ/Kρ as a function of the filling fac-
tor n. On the left hand side, we have from top to bottom
U = 16, 8, 4, 2. Note the abrupt change for small values of U
as one approaches half filling.
FIG. 4. Flow diagram for the transport properties of a Lut-
tinger liquid coupled to phonons: a) for an arbitrary elec-
tron–phonon coupling. K(= Kρ) is the Luttinger liquid pa-
rameter, v is the weak barrier coupling, and t is the hopping
strength. b) same as a), but for parameters corresponding to
the WB singularity (A → ∞ here).
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